SOME COEFFICIENT ESTIMATES FOR H?
FUNCTIONS

CATHERINE BENETEAU AND BORIS KORENBLUM

ABSTRACT. We find the maximum modulus of the n-th Taylor
coefficient ¢,, of a function in the unit ball of HP, 1 < p < o0,
provided that ¢ is fixed, and identify the corresponding extremal
functions.

1. INTRODUCTION

We are interested in finding the maximum Taylor coefficient of a
function in the unit ball of H?, 1 < p < oo, whose value ¢ at the origin
is fixed and in identifying the corresponding extremal functions.

The motivation for this problem comes in part from the Hausdorff-
Young inequality and the Bohr phenomenon. The Hausdorff-Young
inequality states that if f € LP = LP(T), where T = {z € C : |z| = 1},
then X

[f1lze = (£ (1) }]sa
for 1 < p <2, andqsuchthat%—i-%:l. If p =2, then ¢ = 2 and
we have equality; this is Parseval’s formula. If p > 2, the inequality is
known to fail. In particular, if p = 0o, it is obviously not the case that

1l > D 1))

n=—oo

However, for f € H* and r = %,

1flloo = D ()l
n=0

This is a classical theorem of H. Bohr ([3]) and can be shown from F.
Wiener’s estimates [2]. One can ask whether such a phenomenon exists
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for H?, 2 < p < co. Namely, does there exist 0 < r < 1 such that

£l > Zr n) |4y ?

Our estimates of the Taylor coefﬁments of H? functions show that no
such Bohr phenomenon holds when 2 < p < o0.

Finally, our results give a new proof of a conjecture by Hummel,
Scheinberg, and Zalcman (see [5], p. 189) related to the Krzyz problem
for H? functions in the case that n = 1. The conjecture states that for
n>1

sup{[ ()] : € HP, |1l < 1, f zero-ree } = ()

and gives the form of the corresponding extremal function.

Q|

2. THE MAIN PROBLEM AND KNOWN CASES
Problem. Given 1 <p<oo,0<c<1, andn > 1, find
My(n,¢) = max{|f(n)| : f € H",||fll, <1,|f(0)] = ¢},
where f(2) =37, f(j)27, and identify the extemal functions.

Notice that if f is extremal for M,(n,c), then so is e f(e¥z). We
will therefore consider extremal f so that f(0) = ¢ and f(n) > 0. This
problem is known for certain cases. If p = 2, by Parseval’s identity, it
is easy to see that My(n,c) = v/1 — ¢? and the corresponding unique
extremal function is fo.(2) = ¢+ V1 — 22" When ¢ = 0, for all 1 <
p < o0, My(n,0) =1 and feu(2) = 2". When ¢ =1, M,(n,1) =0, and
feat(2) = 1.If p = 00, Mo(n,c) = 1—c? (see [2]) and the corresponding
unique extremal function is feu(2) = 25

In addition, it is easily seen that for all p > 1, M,(n,c) = My(1,c).
For suppose f is a solution to the given extremal problem. Consider

fe) = LY fleBtizh

j
Then f € H?, ||, < [ £ll,, 7(0) = £(0), and f/(0) = f(n). Therefore
the extremal values of f (n) are the same as the ones calculated in the
case when n = 1.

All other cases are unknown. Therefore we consider the extremal
problem stated above for values of p such that 1 < p < 0o (p # 2)
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and c such that 0 < ¢ < 1. In the following sections, we consider only
such values of p and ¢. In proving the main result, we prove some
intermediate theorems which are of independent interest.

3. STATEMENT OF THE MAIN RESULTS

Theorem 3.1. If 2_% <c<1, then
2
My(n,c) = =751 — ¢
p
and the corresponding extremal function is

f(2)=(c* +V1— cpz")%.

Theorem 3.2. [f0 <c < 27%, then the zero-free function f such that
lfll, <1 and |f(0)] = c that maximizes |f'(0)| is

2 1—2
z

F(2) =251+ 2)7 (20017

and 5 .
"0)=c(=+1o
F10) = e+ log =)

Theorem 3.3. [f0 < c < 2_%, then

2 c
M = (- —1 —
P(n7 C) (p )CU + v

and the corresponding extremal function is
) = (140" 0+ 27)
where v is the unique root (0 <v < 1) of vP — P = Pv?. In particular,
forp=1and0<c<3, Mi(n,c)=1and f(z) = c+ 2" + cz™".
4. INTERMEDIATE RESULTS
In the following theorems, we will take 0 < ¢ < 1.

Proposition 4.1. The inner function G that mazimizes ReG'(0) if
G(0) =c is

c+ z
G(Z) 1 4cz

and
G'(0)=1-¢

Proof. This follows directly from the H* case, since the solution to the
maximal problem in that situation is in fact the above inner function.

O
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Proposition 4.2. The singular function S(z) that mazimizes ReS’(0)
if S(0) =c is

1—=

S(z) = c1+=

and .
S'(0) = 2clog —.
c

Proof. Since S is a singular function, there exists a singular positive
measure 4 such that

5() = exp(- |

—T

et 4 o

et — z

()
Therefore n gt
§() = SC) | redn(0)

In particular,
S'(0) = c(—/ 2e " du(t)).

Therefore

ReS'(0) = ¢(— /WQCostd,u(t))

—T

< 2 [ duty)

—T

1
= 2clog—
c

Notice that this maximum is in fact attained when p has full mass at
t = 7 and thus

1—2

S(z) = ci+=.

O

Proposition 4.3. If 0 < ¢ < 27%, then there is no outer function f
that mazximizes Ref'(0) under the restrictions ||f||, <1 and f(0) = c.

Proof. For simplicity, we will consider p = 1, the proof for p > 1 being
similar. Let f € H' be an outer function such that ||f]; < 1 and
f(0) = ¢. Then

1 [Tel+z
= — . t)dt
1) = exnlz- [ S et
where ¢(t) = log|f(e™)|. Taking derivatives and real parts, we can

conclude that

1 ™
Ref'(0) = 20% /Tr ©(t) costdt.
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We now have a variational problem, where we need to find

1 ™
— t tdt
max o— /_7r o(t) cos

under the constraints % f:r e?Odt =1 and % f:r o(t)dt =loge < 0.

If this maximum equals p and is attained when ¢(t) = (), then
o also solves the following dual variational problem: find

min 1 e Dt
2 ),
under the constraints o= [7_¢(t) costdt = p and 5= [T o(t)dt = loge,
because the above minimum is then equal to 1. To see this, sup-
pose that for some ¢(t) = ¢;(t) satisying the constraints of the dual
problem % fjﬂ e#1dt < 1. Then there is some s > 0 such that the
function ps(t) = ¢1(t) + scost satisfies 5= [ @a(t) costdt = p + £,
% f:r wo(t)dt = log ¢, and % ffﬂ e?2Mdt = 1, contrary to the assumed
maximality of p in the original variational problem.

The constraints in the dual problem say that in the real Fourier series
of ¢ the two coefficients are fixed, namely the constant term and the
coefficient of cost. By a standard variational argument we obtain that,
whenever a bounded function h(t) satisfies

/7r h(t)dt = /7r h(t) costdt = 0,

—T —T

the following must hold:

(d% /7r epoWrsh®gp)y ) = /7r e On(t)dt = 0.

—Tr —T

In particular, this is true for h(t) = sinnt (n > 0) and h(t) = cosnt
(n # 0,1), which implies that e®°®) = A + Bcost, po(t) = log(A +
Bcost), where A and B are constants, and ¢q(t) is the extremal func-
tion for the original variational problem.

Since o= [T e?0dt =1, A = 1. Therefore 0 < B < 1. Consider now
the function

1 T
k() = —/ log(1 4 v cost)dt

2 ) .
for 0 < < 1. Notice that k(B) = logec. Also k'(y) <0, k(0) = 0 and
k(1) = —log2. This forces ¢ > 1, which is a contradiction. Therefore

no such constant B exists, and there is no solution to the extremal
problem. O
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5. PROOFS OF THE MAIN RESULTS

We begin by considering the main problem for functions whose value
at the origin is not close to 0 as stated in Theorem 3.1.

Proof. Let 927» <c¢<1,n=1,and consider f € HP such that f(0) = ¢
and || f|l, < 1. Write f(2) = B(z)F(z), where B is a Blaschke product
and where F' has no zeros. Let B(0) = v > 0 and F(0) = u > 0. Note
that uv = ¢. Since B € H* and ||B|| = 1, F. Wiener’s estimates ([2])
show that

|B'(0)] <1 -2
Note that F' € H?, ||F|, = ||fll, = 1, and F' has no zeros. Define

G(z) = F(2)2. Then ||G|)? = | F[[P =1 and G(0) = u?. Therefore, by
the case p = 2,

IG'(0)] < VI —wr.
Writing F(z) = G(z)%, we get
POl < SwhiVi—w
= %ulgm

Putting the two estimates above together gives
[F(O)] = [B(0)F(0) + B(0)F'(0)]
2 | p
(1—vHu+v=u'""2y/1 —up
p

1 2
o(=—v)+ =2 —
p

()

IA

Therefore, define

1 2, »1 1
() = f—— — 1)L sl e
() g v2 >+pc 2\/vp—cppv
1 P Up_l
= 1+ 5) e
g vz) ¢ VUP — P
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Therefore,
/ _p Up_l 1
P'v) >0 < CQWZI—F;
PN (1 + U2)2(Cp)2 _ vp<1 + UQ)QCp + UQ(erl) >0
P
= — — >

When ¢ > 2_%, ¢'(v) > 0 and the maximum of ¢(v) is obtained at

v=1:
2 1p

o(l) = —c"2/1 — P
p
In that case, the function

f(2) = (et +VI—ez)r
is an element of H” with norm 1 such that f(0) = c and f'(0) = ¢(1).
~ When n > 1, use the function f described in Section 2. Since f(z) =
f(z™), we obtain the extremal function

F(2) = (c2 + V1= 2"
with the same maximal n-th Taylor coefficient as in the casen = 1. [

Notice that f is a zero-free function, and therefore Theorem 3.1 also
solves the extremal problem for zero-free H? functions whose value at
the origin is not too close to 0. Let us now consider zero-free functions
in H? whose value at the origin are small, as stated in Theorem 3.2.

Proof. Let 0 < ¢ < 97 and let f € HP? be a non-zero function such
that f(0) = c and || f||, < 1 for which |f'(0)| is maximal. Write f(z) =
S(z)F(z) where S is a singular function and F' is an outer function.
Writing S(0) = u and F'(0) = v, notice that by Proposition 4.3, v >
927w Using the estimates given by Proposition 4.2 and Theorem 3.1,
we get that

1 2
£ (0)] < v2ulog " + u;vl_gvl — P

2% [1
“= 1
p Vo

= 2clog Y +
c
= ¢(v)
One can easily show that ¢(v) is decreasing on [2_%, 1] and therefore
1

1
attains its maximum at v = 2~ ». Therefore u = ¢2?, and the function

f(2) = (2r)F 275 (1 4+ 2)5
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is a zero-free function such that f(0) =¢, || f||, = 1 and
2 1

O

We now consider functions in H? that can have zeros and whose
value at the origin is small, as stated in Theorem 3.3.

Proof. Consider the case n =1 and let f € H? be such that ||f|, <1
and f(0) = ¢. Write f(z) = B(z)F(z) where B is a Blaschke product
with B(0) = v > 0, and F is zero-free with F'(0) = u.

Suppose first that v > 97%. Then ¢ <wv < 2%0, so by the proof of
Theorem 3.1

1 2 .,
O] < C(;—U)—F}—?cl_E\/UP_Cp
= »)
and
"(v) >0 P v VTP -
©'(v) >0 <= ( —1+U2)( _1+U2)_‘

If c < 277 then ¢'(v) = 0 has two solutions v, and vs in [¢, 1] where vy is
the solution to v? — c? = cPv? and vy is the solution to v*1?P — P = cPv?.
It is not hard to show that

1
c<wv <2rc<1p <1
1
and that ¢ attains its maximum in [c,27¢| at v;. In that case, after
simplification,

2 c
maxp(v) = (- — 1)cv; + —.
o) = (5 = Devr +

Let us suppose now that 0 < u < 9% In this case, e < v <1,
and by Theorem 3.2, we know that

2 1
F0) < u(l = 0?) +vu((= + log ——)
p Qv 2
1
2 2»
= E—cv—l——c—2clog( C)
v D v
= ¥(v).

1) is easily seen to be decreasing and therefore attains its maximum at

Q%C,and
2
W(2pc) =275 — 225 + —.
p
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Comparing this value with ¢(vy), we conclude that ¢(v;) > w(ﬁc).

Taking
1E) = G 1= et

= ()a+v2)i (v +2)

IS

gives a function in H? with norm 1 such that f(0) = ¢ and
2 c
0) = (2~ Dev + <
FO) = C = 1eo+ £,

where v is the unique soluti~on (0 <v<1)of vP — P = P2
When n > 1, we use f as described in Section 2 to show that
M,(n,c) = My,(1,c) and the corresponding extremal function is

c 2
()= ()L +0m) T v+ 2
where v is such that v? — P = cPv?. O

6. COROLLARIES
Corollary 6.1. If 1 < p < oo, ||f[l, = 1, |f(0)] < 27» and

7(0)] > |f<o>r<§ Hog ).

then f has at least one zero in the open unit disk.

Proof. This result follows directly from Theorem 3.2. U
Corollary 6.2. Let p > 1. Then

sup{|f"(0)] : f € H?,||fllp <1, f zero-free } = (=)

Proof. If f € H? is non-zero and || f]|, < 1, then let f(0) = ¢ for some
0 < ¢ < 1. By Theorems 3.1 and 3.2,

Q|

QN

c(%—l—log ) O<c<2 s

2%62 1
]%cl*%\/l —? 2 r<c<l1

By varying ¢ between 0 and 1, it is straightforward to show that the

[F(0)] < {

maximum derivative is obtained at ¢ = %(%)é and the corresponding
extremal function is
(14220 z—1.1
£2) = (D e )

as conjectured by Hummel, Scheinberg, and Zalcman in [5]. O
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This result was first obtained by Johnny Brown in [4] by a completely
different method.

Corollary 6.3. Let 2 < p < oo and q be such that % + % = 1. Then
there does not exist 0 < r < 1 such that

U= (b = (3o

—T

for every f € HP.

Proof. Consider the extremal function f in Theorem 3.1 for n = 1. We
have || f|l, =1. For 27» < ¢ < 1, f(0) =¢, and

f(0) = 2cl_g\/l —c?>AV1l—c
p

if ¢ is close enough to 1, where A is a positive constant. Therefore,
since q < 2,

SOIfR)F =t Ar(1— )2 > 1

for ¢ sufficiently close to 1. O

Notice that this corollary implies that no Bohr phenomenon holds
for H? and LP (2 < p < oo.) This was also proved independently by
L. Aizenberg [1] using a different method. It is known that the Bohr
phenomenon does hold for real L*°. For L*°, the Bohr phenomenon
does not hold as shown by an example of Liflyand’s [6]. Whether such
a Bohr phenomenon holds for real L? (2 < p < oo) remains an open
problem.
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